Almost all known structures are designed for low weight and high strength. For metal structures, especially aircrafts and underwater vehicles, this means reinforcement in the form of ribs. This paper presents an analytic model for the prediction of the acoustic scattered field from such rib-reinforced structures. The geometry is assumed to be that of an infinite elastic plate reinforced with a periodic double array of stiffeners. The plate is assumed to be in contact with a homogeneous and isotropic fluid on one side only, its other side being exposed to vacuum. The plate is modeled using the Mindlin plate theory which includes the effects of shear deformation and rotary inertia, thus allowing the evaluation of the scattered acoustic field at frequencies above the coincidence frequency. The reinforcements, exerting both forces and moments on the plate, are included in the model through their transverse and rotational impedances. A Fourier transform technique is used for evaluating the acoustic scattering of an incident plane acoustic wave by the fluid-loaded, reinforced plate and analytic solutions for the backscattered acoustic field are obtained. Numerical results for a wide range of frequencies are also presented.
INTRODUCTION
The problem of sound generated by a vibrating surface is known as the radiation problem from a surface induced to motion by a set of forces. The other problem of interest in the area of research that became known as sound-structure interaction, is the distortion of an acoustic field due to the presence of an object that reflects or scatters sound waves generated in the acoustic medium. In general, the sound scatterer is not considered rigid and therefore the scattering action of a submerged structure is modified by its elastic response. The problem considered in this work, is the acoustic scattering from an elastic plate in contact with an acoustic fluid and reinforced with an infinite periodic double array of stiffening members.
To the best of the authors' knowledge, the first study of scattering of an incoming acoustic wave by a rib-reinforced elastic plate was presented by Konovalyuk [I] . Konovalyuk based his work on the classical plate theory and attempted a solution for the field scattered by N arbitrarily located reinforcing ribs. He then proceeded to obtain an approximate solution for the backscattered field due to an infinite number of periodically spaced identical ribs.
More than a decade later, Woolley [2, 31 improved on Konovalyuk's solution by using Mindlin's plate theory [4] . He first treated the problem of the acoustic scattering from a submerged plate with one reinforcing rib [2] and then formulated the problem for the case of multiple ribs [3] . In both cases however, the interacting ribs were modeled using a Bernoulli-Euler beam. This inconsistency in the modeling of the plate and the reinforcing ribs essentially limited Woolley's validity of results to frequencies lower than the frequencies allowed by the Mindlin plate theory. Moreover, when Woolley attempted to obtain the solution for the scattered field due to an infinite number of equally spaced identical ribs, his calculations produced a null field. This was an obviously erroneous result since it meant that a plate without ribs and a plate with ribs would produce the same reflected field. Woolley himself appeared puzzled by this result but ended up attributing it to the 'great symmetry' of the problem. It must be mentioned that Woolley was aware, and did reference in his paper [3], Stepanishen's solution [5] of the backscattered acoustic pressure due to an infinite array of identical, periodically spaced line discontinuities.
Stepanishen's study of the acoustic transmission and scattering characteristics of a plate with line impedance discontinuities was also based on the Mindlin plate theory. The discontinuities were assumed to exert only forces on the plate and were characterized by their translational impedances. Two special cases of non-specular scattering were investigated: First the acoustic scattering from a finite-sized array of discontinuities where the acoustic elastic coupling among the discontinuities was neglected and second the scattering from an infinite-sized array of discontinuities. In the latter case the interactions between the scatterers were included in the analysis and an analytic solution for the scattered pressure was found.
Seren [6] and Seren and Hayek [7] developed the analytic models for the prediction of the scattered field from an infinite elastic plate with single and multiple line discontinuities. Their work was also based on Mindlin's plate theory and the ribs were modeled correctly using the Timoshenko beam theory, thus correcting the errors of the Woolley model. The solution for the scattered field was in the form of a Fourier integral which was evaluated by the steepest descent method, a Modified Saddle Point method that led to an asymptotic series solution for the scattered velocity potential, as well as a fast converging numerical integration algorithm.
Of interest to the work presented in this paper are also the studies by Mead on the vibration and wave propagation in ribbed plates, Mace [lo] on the sound radiated from a plate with two sets of parallel stiffeners and Burroughs [ll] on the acoustic radiation from circular cylinders with two sets of periodic ring supports.
THE MATHEMATICAL MODEL
The aim of this study is to obtain an analytic solution for the acoustic scattered field due to an infinite array of reinforcements on an infinite elastic plate. The reinforcements consist of two sets of parallel ribs of infinite length, one of which is 'heavy' and the other one 'light'. The spacing of the 'heavy' stiffeners is an integer multiple of the spacing of the 'light' ones, thus creating a periodic double array of reinforcements. Each set of stiffeners is characterized by a different set of force Zf and moment 2 , input impedance values.
The mathematical model is developed for the general case of multiple reinforcing ribs which may have different geometric and material parameters. After the development of the mathematical model is completed, analytical solutions are sought for the case of the periodic double array of reinforcements, described above. The geometry and coordinate system are shown in Figure 1 . The cartesian coordinate system is centered on an arbitrary rib with the y axis pointing inward into the page and the xz plane coinciding with the plane of the page. The wave vector of the incident plane wave lies entirely on the xz plane, thus rendering the acoustic field invariant along the length of the ribs and the scattering problem 2-D.
The mathematical model for the acoustic scattering from a reinforced elastic plate consists of a system of two coupled differential equations: ii) The acoustic wave equation, describing the disturbance in the fluid. The coupling between the elastic plate and the acoustic medium is attained through the continuity condition, which states that the velocity of the upper surface of the plate is equal to the velocity of the acoustic fluid that it is in contact with.
The governing equation of the plate motion is the fourth order differential equation describing the flexural vibrations of elastic plates, derived by Mindlin [4]. Mindlin's plate theory accounts for shear deformation and rotary inertia effects and provides for the two first branches of the frequency spectrum of an elastic plate. In Mindlin's derivation the loads on the surface of the plate are assumed to be normal to the mid-plane of the plate. In our analysis the reinforcements were allowed to exert both forces and moments on the plate and therefore the governing equation of motion of the plate was derived again from first principles.
The where Zmk is the moment input impedance of the kth stiffener.
The velocity potential @(x, z) of the acoustic fluid, filling the half-space above the plate, satisfies the homogeneous wave equation (v2 + ki) @(x,z) = 0 (15) and is related to the fluid pressure p(x,s) by
In all of the above equations as well as the rest of this paper, the time dependence exp(-iwt) has been dropped for convenience.
The total acoustic field is divided in three parts, the incident field ai(x, z), the reflected field from the plate considered without reinforcements iPr(x, z) and the scattered field due to the reinforcements ' q x , 21 
ANALYTIC SOLUTION OF THE SCATTERED FIELD
In this section we are focusing our attention to the acoustic scattered field due to an infinite periodic double array of reinforcements. This configuration consists of two sets of reinforcements, characterized by two sets of values of translational Z f and rotational Z, impedances. It is assumed that the stiffeners of the first set, which will be referred to as 'light ribs', are spaced at a distance d. The heavier stiffeners, or 'heavy ribs' of the second set, are spaced at a distance qd, where q is an integer.
Due to the periodicity of the array, the number of coefficients Cij required to determine the angular spectrum function, given by Equation 28, reduces to 39. These coefficients are obtained as solutions of the following system of linear, algebraic equations: ktF6zmt 6 cos 90 sin Bo In the above system of equations, Snpt denote the summation where t , p = 0,1,2, ..., (q -1) and n = 0,1,2,3, Z f t and Zmt are the transverse and moment input impedances of the tth reinforcement within one period of the double array and Spt is Kronecker's delta. Since t ranges from 0 to q -1 the dimension of the above system is 3qx3q. It should be noted that this system reduces to a 3 x 3 system, if either all stiffeners are identical (and therefore characterized by one set of values of force and moment input impedances) or when the impedances of the lighter stiffeners are set equal to zero and d is substituted for the product qd. In both cases the array is reduced to an infinite, periodic array of stiffeners with identical material and geometric properties.
In order to obtain and implement the solution for the acoustic scattered field due to a periodic double array of stiffeners, a specific example is considered here. In it, the number of lighter ribs placed within two heavy ribs is two and therefore q = 3. Equation 30 results in a system of 9 linear algebraic equations in 9 unknowns, cop, clp and 6 2 , where p = b,rl,r2 corresponds to a bulkhead and the first and second rib to the right of the bulkhead, respectively.
The 9 x 9 system can be easily solved numerically yielding the values of ciP. These values are subsequently substituted to the integral form of the scattered field given by Equation 20. The order of summation and integration is then reversed and Poisson's summation formula employed to yield the analytic solution for the acoustic scattered field, due to a periodic double array of reinforcements:
where and Ab is the angular spectrum function of the acoustic field due to the heavy ribs and Arl, Ar2 the angular spectrum functions due to the first and second light ribs to the right of the heavy rib, respectively.
NUMERICAL RESULTS AND DISCUSSION
Numerical results are presented in this section for the non-specular scattering of an incident plane acoustic wave by a periodically reinforced steel plate loaded with water on one side only. Assuming a lossless plate, the following values of material parameters are used in the numerical calculations: where the classical coincidence frequency w, was defined in Section 2.
The backscattered pressure field due to the infinite array of reinforcements and normalized to the incident plane wave was computed from Equation 33. Figures 2 (a) through (d) show the normalized backscattered field at observer distance &T = 100. The geometry chosen, consists of heavy ribs and light ribs placed in such a way, so that the period of the heavy ribs equals 3d, where d is the spacing of the light ribs located within one spacing of the heavy ribs.The distance d is set equal to one acoustic wavelength, at the classical coincidence frequency, and the values of the non-dimensional Z j and Zk are:
where the subscripts b and T indicate heavy ribs and light ribs respectively. The normalized backscattered pressure is plotted as function of the observation angle 0 and for frequencies R =1.0, 4.0, 8.0, 15.0. For comparison purposes, for each frequency R, the results for the field due to an infinite array of periodic light ribs, placed at a distance d, as well as the field due to the heavy ribs alone, at their spacing 3d, are also presented along with the plots for the field due to the periodic double array. The backscattered field due to an incoming wave of frequency equal to the classical coincidence frequency of the plate is shown in Figure 2 (a). At this frequency the radiation due to the ribs only, is much lower than the radiation caused by the double array, containing both light and heavy ribs. For some observation angles there is as much as 35 to 40 db. difference between the two fields, indicating that the scattered pressure from the double array at fl = 1.0 is primarily due to the heavy ribs. This indicates that the non-specular scattered field, at low frequencies, is primarily driven by the impedance values of the reinforcements. As the frequency increases above the Mindlin plate coincidence frequency (which is approximately 20% higher than the classical coincidence frequency) the radiation pattern begins to show a peak. The peak becomes stronger as fl increases. When the frequency exceeds the second coincidence frequency, also known as the cut-off frequency of the Mindlin plate, (Cut-off frequency for a steel plate in water, fl = 7.01) a second peak is forming in the radiation pattern, starting near the normal to the plate and slowly shifting to the right, with increasing frequency.
It should also be noted that the separation between all three curves diminishes with increasing frequency and at very high frequencies the field due to the periodic double array, containing heavy and light ribs, may very well be approximated by the field due to the periodic array of the heavy ribs alone.
